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abstract
We have examined effective theory induced by gauged WZW models, in which the
tachyon field is added as a marginal operator. Due to this operator added, we must
further add the higher order corrections, which modifies the original configuration,
to make the theory full-conformally invariant. It has been found that 2d is a critical
dimension in the sense that the metric obtained from gauged WZW is modified by
the tachyon condensation for d > 2, but not for d ≤ 2.
1e-mail: gouroku@dontaku.fit.ac.jp
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1 Introduction
Conformal field theories of cosets based on a gauged WZW model [1] have provided
several new solutions of string equations. Some solutions have been also found by
exploiting duality transformations [2] of the known solutions. These approaches
opened a new direction for learning more about particles and string theories in
the gravitationally singular configurations, e.g., black hole, black string and black
branes. However they give semi-classical string solutions, which are available for
k →∞, where k represents the level of a WZW model.
However the conformal invariance of the theory is realized at a finite k, so we
need a solution which is exact to all orders of 1/k expansion. A method to get such
exact metric and dilaton has been proposed in [3], [4], and the analyses according to
this method have been given in [5],[6]. The idea is to identify the Virasoro operator
L0 + L¯0 with the Klein-Gordon operator for the tachyon. Although this method is
intuitive, the exactness of the solutions was checked perturbatively to three [7] and
four loops [8] for the SL(2, R)/U(1) case. It has also been suggested [9][10] how to
get the exact solutions from the functional integral approach.
All the solutions obtained in these ways are however given for the zero tachyon
field. While the tachyon is expected to be condensed to form a background con-
figuration from the analysis of the matrix model and other approach [11]. So it is
important to examine the singular background with non-trivial tachyon configura-
tion in order to get a more realistic insight of particle and string theories in a sigular
configurations. The purpose of this note is to study the possibility of a space-time
background with singularity like a black hole with a condensed tachyon field accord-
ing to a perturbative method [12] by starting from a solution of a gauged WZW.
In other words, we could see the back reaction of the tachyon condensation to the
singular solutions given by gauged WZW models.
2 Gauged WZW and Perturbation
A method of deriving the exact string solutions from gauged WZW models directly
at the 2d field theory level has been proposed [9]. Start with the following WZW
action
SW (g) =
1
4π
∫
Σ
Tr(g−1∂+gg
−1∂−g)− 1
12π
∫
B
Tr(g−1dg ∧ g−1dg ∧ g−1dg), (1)
where g ∈ G and ∂B = Σ. By gauging a subgroup H of G, we arrive at the action
which is written in a combination of two WZW action. Then the fully corrected
action can be obtained within a WZW. Then the final result is obtained in the form
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of a non-linear sigma model,
S =
1
4π
∫
d2z
√
g[(G(0)µν (X) +B
(0)
µν (X))(g
αβ + iǫαβ)∂αX
µ∂βX
ν +RΦ(0)(X)] , (2)
whereXµ are the invariant elements of g.2 However this story seems to be incomplete
since unwanted nonlocal terms appear in the final stage, eq.(2).
Then it is convenient to proceed in an alternative way [3], where the linear L0+L¯0
constraint on the tachyon field T (X) is identified with the Klein-Gordon operator,
(L0 + L¯0)T = − 1
e−2Φ
√
G
∂µG
µνe−2Φ
√
G∂νT, (3)
where the Virasoro operators L0 and L¯0 are defined for the coset G/H . Since they
are expressed by the differential operators on the group parameter space, we can
read off the exact metric and the dilaton from eq.(3). However the antisymmetric
tenser can not be obtained from this method. But we need not it in the analysis
hereafter.
We notice that eq.(2) can be interpreted as a fully corrected effective action of a
2d gravity which couples to some renormalizable matter system. In the case of 2d
gravity with conformal matters [13] [14], we know the following solutions,
{G(0)µν , B(0)µν ,Φ(0)} = {δµν , 0,
1
2
QcX
0}, (4)
where X0 is the conformal mode, and the number Qc is determined by the central
charge of the theory. This configuration is called as the linear dilaton vacuum. A
perturbative way to search for a more complicated background is proposed [12] by
taking an action, which is made of (4) and the tachyon part as a marginal operator,
as the starting point. This added tachyon part is corresponding to the interacting
term of the matter fields on the world surface. We extend this method to the case,
where the configuration of (4) is replaced by a solution given by a gauged WZW, in
order to investigate the singular configurations which may coexist with a background
tachyon.
In general, the string solutions are obtained by solving the equations of zero
β-functions of the following action with the tachyon term T (X),
Seff =
1
4π
∫
d2z
√
g
[
1
2
Gµν(X)g
αβ∂αX
µ∂βX
ν +RΦ(X) + T (X)
]
, (5)
where Gµν and Φ are different from G
(0)
µν and Φ
(0) due to the non-trivial T . The
antisymmetric tensor Bµν has been dropped since it is not essential here.
2 The parametrization of the group elements and which is the invariant element are shown
below.
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Our strategy is as follows; (a):Firstly consider an exact solution , G(0)µν and Φ
(0),
which are obtained from a gauged WZW model for T = 0. (b):Then solve the
linearized equation of motion for T under the background given in (a). (c):Then
solve the equations for Gµν and Φ by using the solution of T given in the step (b),
and estimate their deviations from the original solutions, G(0)µν and Φ
(0).
However there is a technical problem in this program. Since we start from a
non-trivial metric G(0)µν , which provides the singularity of the curvature, we need the
exact form of equations of Gµν and Φ to perform the step (c). But it is impossible
to write down them. So we concentrate our attention on the region far from the
singurarity in order to perform the step (c) in terms of an approximate target space
action given below. The distance from the singularity is characterized by a mass
scale (µ) which is related to the black hole mass. In this region we can investigate
the equations by expanding G(0)µν and Φ
(0) around the linear dilaton vacuum (4). 3
Therefore the following approximate target space action [12], [11], [16] is useful in
this region,
St =
1
4π
∫
ddX
√
Ge−2Φ[R− 4(∇Φ)2 + 1
16
(∇T )2 + 1
16
v(T )− κ], (6)
where the higher derivative terms are suppressed, and
v(T ) = −2T 2 + 1
6
T 3 + · · · . (7)
∇µ denotes the covariant derivative with respect to the metric G(0)µν . From St, we
obtain the following equations,
∇2T − 2∇Φ∇T = 1
2
v′(T ), (8)
∇2Φ− 2(∇Φ)2 = −κ
2
+
1
32
v(T ), (9)
Rµν − 1
2
GµνR = −2∇µ∇νΦ + Gµν∇2Φ + 1
16
∇µT∇νT − 1
32
Gµν(∇T )2. (10)
We must notice that G(0)µν and Φ
(0) do not satisfy eqs.(9) and (10) even if we take
T = 0 since these equations are the approximate one. However they are correct up
to the order of O(µ2) when we expand them in power series of µ2, so we can see the
modifications of G(0)µν and Φ
(0) due to T (0) by solving these equations up to the same
order.
3We can see below that expanding the solution in terms of µ by assuming its smallness is
equivalent to the expansion of the configuration far away from the singularity.
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3 d=2; SL(2, R)/U(1) model
According to the axial gauge invariant formalism, we can arrive at the well-known
2d black hole configuration. Here we take the following parametrization,
g = exp(
i
2
θLσ2) exp(
1
2
rσ1) exp(
i
2
θRσ2), (11)
andXµ = (r, θ), where θ ≡ 1
2
(θL−θR). Then we can get the following configurations,
G(0)µν =
k − 2
2
diag(1, β(r)), β(r) =
4
coth2( r
2
)− 2
k
(12)
−2Φ(0) = a + 1
2
ln [sinh 2(r)/β(r)] = const + ln (sinh r)− 1
2
ln G(0), (13)
where G(0) = detG(0)µν and a is a constant.
It is instructive to expand this configuration by the black hole mass, Mb, by
assuming its smallness. Mb is introduced here according to [1],
− 2Φ(0)(r = 0) = a = ln (1
2
QMb). (14)
By the reparametrization,
− 2Φ(0) = a + 1
2
ln [sinh 2(r)/β(r)] =
1
2
Qρ. (15)
and θ′ =
√
k′/kθ/Q, the metric G(0)µν is rewritten for Mb ≪ 1 and ρ ≥ 0 as follows,
ds2 =
1
2
kQ2(
dρ2
f¯(ρ)
+ f¯(ρ)dθ′2), f¯(ρ) = e−Qρsinh 2(r) ≈ 4 k
k′
(1− µ¯e−Q2 ρ), (16)
where 2µ¯ = QMb
√
k/k′. We can see that (16) is equivalent to an approximate black
hole solution found in [15].
This Mb expansion is corresponding to expanding the solutions in terms of the
series of e−r0 ≡ µ2 with the replacement of r by r+ r0. The parameter r0 is defined
by (15) at ρ = 0 as,
a +
1
2
ln [sinh 2(r0)/β(r0)] = 0. (17)
From this and (14), we can see Mb ∝ e−r0 for r0 >> 1. Then Mb expansion is
corresponding to examining the equations at large r(> r0), where the space-time is
asymptotically flat but the tail of the black hole can be seen.
From (7) and (8), the linearized equation of T (0) is written as
[∂2r +
1
2
∂r( ln G
(0))∂r + ∂r(−2Φ(0))∂r + k − 2]T (0) = 0, (18)
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by assuming as T (0) = T (0)(r). This linearization is justified by introducing a small
parameter λ as given below. Eq.(18) can be rewritten as,
z(1 − z)d
2T (0)
dz2
+ (c− (a+ b+ 1)z)dT
(0)
dz
− abT (0) = 0, (19)
where z = cosh 2(r) and
a =
1
4
(1 +
√
9− 4k), b = 1
4
(1−√9− 4k), c = 1
2
. (20)
The solution of Eq.(19) is known as the hypergeometric function, F (a, b; c; z) =
F (b, a; c; z). We firstly solve Eq.(19) for d < 2 (k < 9/4), then we take the limit of
d = 2 (k = 9/4) of the solution. For large r (or z), it is convenient to consider the
following two independent solutions,
w1 = z
−aF (a, a− c+1, a− b+1, z−1), w2 = z−bF (b, b− c+1, b− a+1, z−1). (21)
Generally we should take a linear combination of w1 and w2. However, to fix the
ratio between them is difficult. Since w1 and w2 in T
(0) are corresponding to two
independent interaction terms on the world surface, the problem of fixing the ratio
of them is similar to the ”Big Fix” [17] proposed in the 4d quantum gravity in terms
of the wormhole interaction. So this might be solved by considering the topology
changing interactions of 2d surface. But it is out of our present task. While w2
is favourable if we demand that T (0) should coincide with the one obtained in [14]
in the limit of r → ∞.4 However w1 can be neglected at large r compared to w2
even if we retain w1 through an appropriate linear combination of w1 and w2. So
we consider
T (0) = w1 + w2,
as a solution in order to extend this for d > 2.
Nextly, we solve the approximate equations of Gµν and Φ in terms of T
(0) and
the following parametrization [12],
Gµν = G
(0)
µν + λ
2hµν + · · · , Φ = Φ(0) + λ2Φ(2) + · · · ,
T = λ(T (0) + λT (1) + · · ·), (22)
where hµν = diag(0, h(r)) and λ represents a small parameter. After solving the
equations of order λ2 of (9) and (10) by expanding G(0)µν , Φ
(0) and T (0) in the power
4In this limit, the equation for T (0) is written as [h¯∂2
r
+ ∂r + k − 2]T (0) = 0, where h¯ is
maintained. This equation is solved by assuming the form, T (0) = e−αr, and we must choose the
solution α = (1 −
√
1− 4(k − 2)h¯)/2h¯ in order to get from it the classical limit, α = k − 2, for
h¯→ 0.
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series of µ2 up to O(µ2), we obtain
Φ(2) =
µ2
128
eQ0(1−ǫ)r, h = 0. (23)
where
Q0 = 2∂0Φ
(0) |µ2=0= −
√
2
k′
, ǫ =
√
9− 4k. (24)
Then the 2d solution is obtained by taking the limit of k = 9/4 and ǫ = 0.
However the results are useful for d < 2 (but not for d > 2), and the second result,
h = 0, is independent on ǫ namely on d. This implies that the 2d black hole
configuration does not get any modification from the tachyon condensation. While
the dilaton is modified. Then a black hole could coexist with the condensed tachyon
as an exact string solution. Nextly, we consider the case of d > 2 in the following
section.
4 d>2; SL(2, R)⊗ SO(1, 1)d−2/SO(1, 1) model
We consider the model SL(2, R) ⊗ SO(1, 1)d−2/SO(1, 1) as an example of d- di-
mensional target space. According to [18], we parametrize the group element of
SL(2, R)⊗ SO(1, 1)d−2 as,
g =


g0 0 . . . 0
0 g1 . . . 0
...
...
. . .
...
0 0 . . . gd−2

 , g0 =
(
p u
−v q
)
, pq + uv = 1, (25)
where g0 represents the SL(2, R) part, and for the each SU(1, 1),
gi =
(
cosh ti sinh ti
sinh ti cosh ti
)
, i = 1 ∼ d− 2. (26)
The more convenient parametrizations are given after the gaugings are fixed. The
embedding of the subgroup H = SO(1, 1) in G is chosen as,
σ =


s0 0 . . . 0
0 s1 . . . 0
...
...
. . .
...
0 0 . . . sd−2

 , s0 = e0
(
1 0
0 1
)
, si = ei
(
0 1
1 0
)
, (27)
with the normalization of the coefficients, Σd−2i=0 e
2
i = 1.
In this case, the original action is characterized by (d-2) SO(1, 1) WZW actions
SW (gi) of level ki and the previous gauged WZW action of level k. The procedures
to obtain the exact metrics are parallel to the previous section.
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We firstly consider the case of the vector gauging. Under the vector gauge
transformation, g → u−1gu and u ∈ H , we can see δp = δq = δti = 0. This implies
that the ground state is independent on u and v. The resulting metric and the
dilaton are separately given for two cases, (i)pq > 0 and (ii)pq < 0. For the case (i),
G(0)µν and Φ
(0) are given as,
ds2 =
k − 2
2
(dR2 − dX
2
0
tanh 2R− 2/k +
d−2∑
i=1
dX2i ), (28)
−2Φ(0) = const + ln sinh 2R− ln
√
−G(0), (29)
where G(0) = detG(0)µν . The SL(2, R)⊗ SO(1, 1)d−2 variables are reparametrized as
follows;
p = cosh ReX0 , q = cosh Re−X0 , (30)
and Xi (i = 1 ∼ d − 2) are the linear combinations of ti [18]. In the case of (ii),
we obtain the same form with (28) where tanh R is replaced by cothR with the
parametrization,
p = sinh ReX0 , q = −sinh Re−X0 . (31)
The eq.(29) is common to two cases (i) and (ii) but with different G(0)’s.
For the axial vector gauge invariant formalism, the SL(2, R) parameters, u and
v, are unchanged under the axial gauge transformation, g → ugu, then the ground
state is expressed in terms of u, v and ti (namely Xi). We consider the two kinds of
metrics in this case also, for (i)uv > 0 and for (ii)uv < 0. For uv > 0,
ds2 =
k − 2
2
(
dR2 − dX
2
0
(1 + η)tanh 2R− η − 2/k
+
dX2d−2
1 + η − 2/k − ηcoth2R +
d−3∑
i=1
dX2i
)
, (32)
in terms of the parametrization (30). Here η =
∑d−2
i=1 (ei/e0)
2(ki/k). And the metric
for uv < 0 is given by replacing tanh R by cothR in (32) with the parametrization
(31), and Φ has the same form with (29) for both the cases with each G(0).
To perform the same analysis done in section 3, we rotate X0 as X0 → iθ for the
sake of the unitarity. By changing the variable as 2R ≡ r and assuming that T (0)
depends on r only, we arrive at the same linealized equation of the tachyon with
(19) for the above four cases in spite of the difference of G(0)µν and the dimension.
While ǫ becomes pure imaginary here since (26 >)d > 2 and
9− 4k = 2− d
26− d, (33)
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which is the condition of the conformal invariance. Then a and b given in (20) are
complex conjugate each other. Here we restrict our attention to the real solution
since we can not give a physical meaning to the complex solutions. So we choose
the same T (0) with that given in section 3,
T (0) = w1 + w2 ∼ 2
√
2µe
1
2
Q0r
′
cos(
δ
2
Q0r
′ + α), (34)
where δ =
√
4k − 9 and r′ = r−r0. The second expression is the µ expansion stated
before.
Next, we solve the equations of other fields in the large r(> r0) region, where r0
is defined by (17), by expanding G(0)µν and Φ
(0) in the series of µ2 as in the previous
section. Here we set the coordinates as Xµ = (r, θ,Xd−2, X i), i = 1 ∼ d − 3,
µ = 0, 1, 2, . . . , d− 1, and use eq.(22) with the following parametrization,
hµν = diag(1, h1, h2,~0), (35)
where we take h2 = 0 for vector gauging. After a calculation we obtain the following
result which is common to the above four gauged WZW models,
Φ(2) =
(
µ2
256
cos(δQ0r
′ + 2α) + φc
)
eQ0r
′
, (36)
(h1 + h2) =
4
Q20
(Q20φc −
µ2
32
)eQ0r
′
, (37)
where φc is a constant which can not be determined by solving the equations.
In order to decide φc, we require a reasonable condition that Φ
(2) should coin-
cide with that of 2d ((23)) when we take the limit d → 2 in eq.(36). From this
requirement, we get
φc =
µ2
256
. (38)
Except for the undetermined ratio of h1 and h2, we finally obtain the following
results,
Φ(2) =
µ2
256
[1 + cos(δQ0r
′ + 2α)]eQ0r
′
, (h1 + h2) = −µ
2
64
d− 2
26− de
Q0r
′
. (39)
We notice that h1 + h2 vanishes at d = 2 limit, and this is consistent with the 2d
result (23).
In order to continue (39) to d ≤ 2, we should consider the case of vector gauging
where we could take as h1 ≡ h and h2 = 0. The previous result (23) shows that
h = 0 for d ≤ 2, but (39) does not lead to this result. So we can not apply (39) for
d < 2. The same thing is said for Φ(0) also. This implies that there are different
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phases above and below the critical dimension d = 2. We should also notice the
next curious point. For d > 2, both corrections h and Φ(2) appear, but the behavior
of damping osccilation of T (0) with r is reflected on Φ(2) only and not on h.
The result of non-zero h1 + h2 implies that the tachyon condensation disturbes
the singular metric configurations for d > 2. The metric G(0)µν ’s are expanded by µ
2
as follows,
G(0)µν = diag(1, 1± 4µ2eQ0r
′
, 0,~0 ) +O(µ4), (40)
for the vector gauge, and
G(0)µν = diag(1, 1± 4µ2(1 + η)eQ0r
′
, 1± 4µ2ηeQ0r′ ,~0) +O(µ4), (41)
for the axial vector gauge. The upper (lower) sings are obtained for the parametriza-
tion (30) ((31)). Then we can say that the tail of the original, singular metric, G(0)µν ,
of O(µ2) could be canceled out by hi by choosing an appropriate value of λ. Even
if we could not cancel out the higher order terms of µ2 in G(0)µν by the higher order
corrections due to tachyon condensation, the final form of the modified Gµν could
not maintain the original structure of G(0)µν , i.e. the black hole (string) structure. In
this sense, the singularity of space-time seems to be eliminated through the tachyon
condensation for d > 2, especially at the realistic dimension d = 4. This point may
be an important result. However we need more higher order calculations to assure
this point. We will discuss on this point elsewhere.
5 Conclusion
Here we find that the 2d black hole is not affected by the condensation of the
tachyon, at least up to the quadratic order of the tachyon field. On the other hand,
the dilaton gets a modification. However for d > 2, both the metric and the dilaton
are modified, and these modifications are coinciding with that of 2d case at the limit
of d = 2. However the solutions obtained for d > 2 can not be continued to the
region of d < 2 and vice versa. Then we might say that a kind of phase transition,
where the order parameter is the shift of the metric from the WZW solution, has
happened at the critical dimension d = 2. This implies that the singularities of
the space-time manifold could be removed by considering the tachyon condensed
vacuum for d > 2.
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